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Over-parameterization: more parameters than training data
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conference paper a1

AN IMAGE Is WORTH 16X 16 WORDS:
TRANSFORMERS FOR IMAGE RECOGNITION AT SCALE

Alexey Dosovtskiy" |, Lucas Beyer", Alexander Kolesnkov", Dirk Weissenborn”,
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Self-attention

> input X € R%s x4 > ds: number of tokens
> o soft-max (row-wise) > d: the feature dimension of each token
> Wo, Wk, Wy € Rdmxd > dy,: width
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> input X € R%s x4 > ds: number of tokens
> o soft-max (row-wise) > d: the feature dimension of each token
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Self-attention(X) 2 Softmax (n)(XW'Qr ) (XW};)T) (XW)) = o5 (0XWWiXT) (XW)
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Self-attention

> input X € R%s x4 > ds: number of tokens
> o soft-max (row-wise) > d: the feature dimension of each token
> Wo, Wk, Wy € Rdmxd > dy,: width

Self-attention(X) 2 Softmax (n)(XW'Qr ) (XW};)T) (XW)) = o5 (0XWWiXT) (XW)
dm

input of softmax: [TOWEWK]ij =170 Z[Wg]lk[WK]k]
k=1
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Self-attention

> input X € R%s x4 > ds: number of tokens
> o soft-max (row-wise) > d: the feature dimension of each token
> Wo, Wk, Wy € Rdmxd > dy,: width

Self-attention(X) 2 Softmax (n)(XW'Qr ) (XW};)T) (XW)) = o5 (0XWWiXT) (XW)

dm
input of softmax: [TOWEWK]ij =170 Z[Wg]lk[WK]k]
k=1

o scaling schemes given by W, Wi initialized by standard Gaussian
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Self-attention

> input X € R%s x4 > ds: number of tokens
> o soft-max (row-wise) > d: the feature dimension of each token
> Wo, Wk, Wy € Rdmxd > dy,: width

Self-attention(X) 2 Softmax (n)(XW'Qr ) (XW};)T) (XW)) = o5 (0XWWiXT) (XW)

dm
input of softmax: [TOWEWK]ij =170 Z[Wg]lk[WK]k]
k=1
o scaling schemes given by W, Wi initialized by standard Gaussian
> 70 =dp,'/? in the original Transformer [2]:

[T()W—CBWK]Z']' has zero-mean and unit variance Vi, j € [d]
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Self-attention(X) 2 Softmax (n)(XW'Qr ) (XW};)T) (XW)) = o5 (0XWWiXT) (XW)

dm
input of softmax: [TOWEWK]ij =170 Z[Wg]lk[WK]k]
k=1
o scaling schemes given by W, Wi initialized by standard Gaussian
> 70 =dp,'/? in the original Transformer [2]:

[T()W—CBWK]Z']' has zero-mean and unit variance Vi, j € [d]

> 10 = dp,': from the neural tangent kernel (NTK) analysis [3] for d.n, — oc.

m —> 00

dm,
L. 1
li WEWk]) = 1 —§ Wik Wilk; =0.
dmlglooTO[ QW] Filsars dm £ WoliWilks
=1
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Self-attention

> input X € R%s x4 > ds: number of tokens
> o soft-max (row-wise) > d: the feature dimension of each token
> Wo, Wk, Wy € Rdmxd > dy,: width

Self-attention(X) 2 Softmax (n)(XW'Qr ) (XW};)T) (XW)) = o5 (0XWWiXT) (XW)

dm
input of softmax: [TOWEWK]ij =170 Z[Wg]lk[WK]k]
k=1
o scaling schemes given by W, Wi initialized by standard Gaussian
> 70 =dp,'/? in the original Transformer [2]:

[T()W—CBWK]Z']' has zero-mean and unit variance Vi, j € [d]

> 10 = dp,': from the neural tangent kernel (NTK) analysis [3] for d.n, — oc.

m —> 00

dm,
L. 1
li WiWk]() = lim — Wik Wilk; =0.
dmlglooTO[ QWx] Ay dm kz:[ QlikWicls
=1

vy Softmax becomes a pooling layer!
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Previous attempts on scaling in theory

(oW, Wilij
o scaling schemes given by W, Wi initialized by standard Gaussian

1/2

> 79 =dp, ' in the original Transformer [2]:

[TowzzWK]ij has zero-mean and unit variance Vi, j € [d]
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Previous attempts on scaling in theory

(oW, Wilij
o scaling schemes given by W, Wi initialized by standard Gaussian

1/2

> 79 =dp, ' in the original Transformer [2]:

[TowzzWK]ij has zero-mean and unit variance Vi, j € [d]

[4] : %?(m(xwg ) (XW}";)T) (xwy)
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Previous attempts on scaling in theory

(oW, Wilij
o scaling schemes given by W, Wi initialized by standard Gaussian

1/2

> 79 =dp, ' in the original Transformer [2]:

[TowzzWK]ij has zero-mean and unit variance Vi, j € [d]

4] : %?(m(xwg ) (XW}";)T) (xwy)

> 75 = d;;}: from the neural tangent kernel (NTK) analysis [3] for dy, — oc.

dm
s 1
. an (27) _ . - . R
d,,lllgoo TO[WQWK] d,,lllgoo dm E [WQLI@[WK]IW 0.
k=1

[5] - setting W = Wi
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Question

How can we do analysis of Transformers under a realistic setting?
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Question

How can we do analysis of Transformers under a realistic setting?

even though
> a shallow Transformer
> an encoder-only shallow Transformer
> global convergence
> under the lazy training regime
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Question

How can we do analysis of Transformers under a realistic setting?
even though
> a shallow Transformer
> an encoder-only shallow Transformer
> global convergence
> under the lazy training regime

P B lazy training regime -—-

W () =W, (0) || o=
SUPLE[0, Fo0) TW, (O[T

Figure: Training dynamics of two-layer ReLU NNs with infinite width under different initializations [3, 6, 7].

WARWICK  Convergence of Transformers | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 5/ 15



Problem setting: encoder-only shallow Transformer

A = Self-attention(X) 2 o (To(xwg ) (XW;)T> (xwy),

A> =110, (AWr), a3 =p(A2),  f(X;0) =ajwo.

> Input: X € R% X4 (dy is the number of tokens and d is the feature dimension of each token)
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> Input: X € R% X4 (dy is the number of tokens and d is the feature dimension of each token)

> A self-attention layer: o5 is the row-wise softmax function and the learnable parameters are
Wgo, Wk, Wy € Rdmxd,
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Problem setting: encoder-only shallow Transformer

A = Self-attention(X) 2 o (To(xwg ) (XW;)T> (xwy),

A> =110, (AWr), a3 =p(A2),  f(X;0) =ajwo.

> Input: X € R% X4 (dy is the number of tokens and d is the feature dimension of each token)

> A self-attention layer: o5 is the row-wise softmax function and the learnable parameters are
Wgo, Wk, Wy € Rdmxd,

> A feed-forward RelLU layer: o, is the ReLU activation function; the learnable parameter is Wy € Rém Xdm
We assume Wy = 1.

> An average pooling layer: ¢ indicates the column-wise average pooling.

> An output layer with learnable parameter wo € R%m
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Problem setting: encoder-only shallow Transformer

A = Self-attention(X) 2 o (To(xwg ) (XW;)T> (xwy),

Az =T107(A1Wg),

v

v

Wgo, Wk, Wy € Rdmxd,

> A feed-forward RelLU layer: o, is the ReLU activation function; the learnable parameter is Wy € Rdm

We assume Wy = 1.

> An average pooling layer: ¢ indicates the column-wise average pooling.

az = p(Az),

> An output layer with learnable parameter wo € R%m

f(X;0) = a;—wo.

Input: X € R% X4 (d is the number of tokens and d is the feature dimension of each token)

A self-attention layer: o is the row-wise softmax function and the learnable parameters are

Initialization no ny nqQ NK 1
LeCun dyt a7t gt gt 1
He 2d;t 2d=! 2d~! 247! 1
NTK 1 1 1 1 4
\A 4
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Training by gradient descent

> data {(X;, )}, withy =[y1,92, - ,yn]"
> model output f(6) := [f(X1;6), f(X2;6), -, f(Xn;0)]"

40) = 3 17(0) I3
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Training by gradient descent

> data {(X;, )}, withy =[y1,92, - ,yn]"
> model output f(6) := [f(X1;6), f(X2;6), -, f(Xn;0)]"

40) = 3 17(0) I3

Algorithm 2: Gradient descent training

Input: data (X;,y;)!_,, step size 7.
Initialize weights as follows:
60 = (W2, W wo, wl1.
fort=0tot' —1do
Wt = Wh — - Vg £(6Y), Wit = Wi —~ - Vi, £(6"),
Wil = W — 5 Uy, £(00), W5 = W — - Vi, £(6").
end for
Output: the model based on 6.
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Assumptions on data

Assumption (Bounded data)
The input data is bounded ||X||gp < +/dsCqy with some positive constant C.

o The embedding of token can have a unit norm [8] independent of d.
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Assumptions on data

Assumption (Bounded data)

The input data is bounded || X||r < +/dsCx with some positive constant Cs;.
o The embedding of token can have a unit norm [8] independent of d.
Assumption

The input data X has full row rank.

o language tasks: added with positional embedding
o ViT: image grouped by patch and can be uncorrelated
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Assumptions on data

Assumption (Bounded data)

The input data is bounded || X||r < +/dsCx with some positive constant Cs;.
o The embedding of token can have a unit norm [8] independent of d.
Assumption

The input data X has full row rank.

o language tasks: added with positional embedding
o ViT: image grouped by patch and can be uncorrelated

1.0
Assumption (different data have smaller similarity) 084
For any data pair (X;,X;), with i # j and i,j € [n} then we Zo6]
assume that P (| <XZ.TXi,X;er>| > t) < exp(—t°) with some g
constant ¢ > 0. 2047
o larger ¢ = more diverse data = more separable 0-21
o validated on a language IMDB dataset (sampling with 100 0.0
normalized sentences with embedding) 0.00 025 050 075

t
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Main results: Global convergence

Theorem (Under 75 = d;,,l/z)

Assume dp, > d, under LeCun/He (NTK) initialization and dm = Q(n3) (dm = Q(n?)), with probability at

dm A
least 1 —8e™ 2 — 6 — exp(—Q(n — 1)~¢d; ) for proper 8, choosing the step-size v < (’)(nf%), then the GD
training of the Transformer converges to a global minimum as follows:

t
6(0t)<<17a22> 26°), fort>0. (2)

\A/
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Main results: Global convergence
Theorem (Under 75 = d;,,l/z)
Assume dp, > d, under LeCun/He (NTK) initialization and dm = Q(n3) (dm = Q(n?)), with probability at

dm A
least 1 —8e™ 2 — 6 — exp(—Q(n — 1)~¢d; ) for proper 8, choosing the step-size v < (’)(nf%), then the GD
training of the Transformer converges to a global minimum as follows:

t
6(0t)<<17a22> 26°), fort>0. (2)

Theorem (Under 7o = d,,)})

m
Under the NTK initialization, denote ®* := i[X—lrld57 e ,X—,Elds}—r € R4 the limiting kernel matrix will
depend on ®*, and with d, = Q(n), the GD training of Transformer converges as Eq. (2).
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Main results: Global convergence

Theorem (Under 75 = d;,,l/z)

Assume dp, > d, under LeCun/He (NTK) initialization and dm = Q(n3) (dm = Q(n?)), with probability at

dm A
least 1 —8e™ 2 — 6 — exp(—Q(n — 1)~¢d; ) for proper 8, choosing the step-size v < (’)(nf%), then the GD
training of the Transformer converges to a global minimum as follows:

t
e(at)<<17a;) 26°), fort>0. (2)

Theorem (Under 7o = d,,)})

m
Under the NTK initialization, denote ®* := i[X—lrld37 e ,X—,Elds}—r € R4 the limiting kernel matrix will
depend on ®*, and with d, = Q(n), the GD training of Transformer converges as Eq. (2).

Remark: 1) dimension missing: self-attention layer becomes XW‘T/
2) 0 = d! and NTK initialization make Transformer
> enter into the lazy training regime easier

> require less over-parameterization requirement

\A4
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Proof framework

Polyak-Lojasiewicz (PL) inequality + Lipchitz continuous of gradient, defining Fpre := %ﬁX) € R Xdm

IVE(0)]13 > 2Amin (Fpre F e ) €(6)
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Proof framework

Polyak-Lojasiewicz (PL) inequality + Lipchitz continuous of gradient, defining Fpre := %ﬁX) € R Xdm

[[VEO)]13 > 2Xmin (FpreF e )£(6)

pre)

(ot < 4(6) - QAH]m(Fprerm)Hft —yE<a- 7) (6%
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Proof framework

Polyak-Lojasiewicz (PL) inequality + Lipchitz continuous of gradient, defining Fpre := aame € RXdm

HVE(O)H2 > 2)\mm(Fprerre)£(0)

(o) < 0(6") — 2/\mm(Fprerm)Hft —y3<a- *) (6

Lemma (minimum eigenvalue estimation)

Let ® = [X181,1,X2B1,2,- - ,Xnﬁh,n]T € R™*%4 where PB1,i is the i-th output of softmax, then under our
assumptions, we have

nv /ds $ Ao = Amin (Ew~/\/(o,nv1d)[Ur(d’w)ar(‘DW)T]) snvds w.h.p
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Proof framework
Polyak-Lojasiewicz (PL) inequality + Lipchitz continuous of gradient, defining Fpre := aame € R*Xdm

IVE(0)]13 > 2Amin (Fpre F e ) €(6)

v o
(o) < 0(6") — EAmin(FpreF;,rrc)Hft —y3<a- 7)4(6”)

Lemma (minimum eigenvalue estimation)

Let ® = [X181,1,X2B1,2,- - ,Xnﬁh,n]T € R™*%4 where PB1,i is the i-th output of softmax, then under our
assumptions, we have

nv/ds S Ao := Amin (Ew~/\/(o,nv1d)[Ur(d’w)ffr(fbw)T]) <nvds w.h.p

Proof.

> Hermite expansion: Ag > Amin [@® ]
> Gershgorin circle theorem: Amin [@®T] > Q(||B1,x]12)
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Discussion on «

under LeCun initialization, we have a2 > dmAo/4 > dmnv p(or)20(||B1,x]12)
> 7 =dp/?, we have [|By x]|2 > 1/ds

> r=d;}, we have ||ﬂ17k||§ ~1/ds
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Discussion on «

under LeCun initialization, we have a2 > dmAo/4 > dmnv p(or)20(||B1,x]12)
> r=dp"?, we have [|By k|3 > 1/ds
> 7 =d;,! we have 1B1,x113 ~ 1/ds
different initializations: a? > 721y dmQ(1/d)
> LeCun/He initialization: a? > Q(d,/d)
> NTK initialization: a2 > Q(1/d)
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Discussion on «

under LeCun initialization, we have a2 > dmAo/4 > dmnv p(or)20(||B1,x]12)
> 7 =d'"?, we have [|B1 4|2 > 1/ds
> 7 =d;,! we have 1B1,x113 ~ 1/ds
different initializations: a? > 721y dmQ(1/d)
> LeCun/He initialization: a? > Q(d,/d)
> NTK initialization: a2 > Q(1/d)
architectures under LeCun initialization:
> self-attention + two-layer ReLU NN: Q(n?) over-parameterization

> three-layer ReLU NN: Q(n?) over-parameterization
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Experimental validations (width matters)

w
oo
.

0 oaas
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2 E
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£ g
[ s

o
2 000
5
dn=10 5 v —— dp=10
0] dy=100 —— dp=100 000
—— dn=1000 —— dp=1000
—— dn=4000 —— dy=4000
~-_— sa
e T e m o e : = T ERERE)
(a) Convergence curve. (b) Weight movement. (c) Kernel distance.

Figure: Visualization of the training process of Transformers with LeCun initialization and 79 = d:nl/z scaling on synthetic
data. (a) Linear convergence. (b) Rate of change of the weights during training. Observe that the weights change very slowly
after the 50 epoch. (c) Evolution of the NTK during the training. The result mirrors the plot (b) and demonstrates how the
kernel varies significantly at the beginning of the training and remains approximately constant later. As the width increases, the
empirical NTK becomes more stable.
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Separation between d_! and d,"/

— dn=16,To=d;]  —— dp=1024,To=d;  —— dp=16384, T Pooling — dn=16,To=d;! = d,=1024,T9=d;'  —— dy=16384,To=d! Pooling
—— dy=16,To=d,? = dp=1024,79=d;'? = dp,=16384,7 —— dp=16,Tp=d;'? = dy=1024,To=0d,'2 == d,=16384,79=d,?
\'\\, o
10 B
a >
o [9)
= O w
o =]
£ 9
e o
T © .,
o =
= o
&
4
W % 7 i © EJ

; Epochs ’ N Epochs ’

(a) Training loss (b) Accuracy

Figure: Results on MNIST dataset trained by ViT with different scaling schemes.
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Separation between d_! and d,"/

vy
WARWICK

— dp=16,T9=d;' — dy=1024, 19 =d;} — dp=16384,T9=d;} Pooling
—— dp=16,To=d;? —— dp=1024,To=0d;'? —— dp=16384,7o=d;'?

S —

Training loss

; Epochs ’

(a) Training loss

Before training After training
[ |
| | |
|
| |
| | n
| |
. | |
o |}
||
S |

(b) Attention map, d,, = 16384.

Figure: Results on MNIST dataset trained by ViT with different scaling schemes.
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Conclusion

> scaling factor 7p: d;nlm vs. d}
> initializations: LeCun/He vs. NTK
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Conclusion

> scaling factor 7p: d;nlm vs. d}

> initializations: LeCun/He vs. NTK
Future direction

> Architecture: benefits of attention

> Optimization objective: implicit bias

> Application: in-context learning, chain-of-thought reasoning
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Thanks for your attention!

Q&A

my homepage www.1lfhsgre.org for more information!
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WARWICK  Convergence of Transformers | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 15/ 15


www.lfhsgre.org

References |

[1]

2]
(3]
[4]
A/
WARWICK

Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai, Thomas
Unterthiner, Mostafa Dehghani, Matthias Minderer, Georg Heigold, Sylvain Gelly, Jakob Uszkoreit, and Neil
Houlsby.

An image is worth 16x16 words: Transformers for image recognition at scale.

2021.

(Cited on page 3.)

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez, tukasz Kaiser,
and lllia Polosukhin.

Attention is all you need.

In Advances in Neural Information Processing Systems, pages 5998—-6008, 2017.

(Cited on pages 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, and 13.)

Arthur Jacot, Franck Gabriel, and Clément Hongler.

Neural tangent kernel: Convergence and generalization in neural networks.

In Advances in Neural Information Processing Systems, pages 8571-8580, 2018.
(Cited on pages 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, and 16.)

Jiri Hron, Yasaman Bahri, Jascha Sohl-Dickstein, and Roman Novak.
Infinite attention: NNGP and NTK for deep attention networks.
2020.

(Cited on pages 11, 12, and 13.)

Convergence of Transformers | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 1/ 2



References ||

[5] Greg Yang.
Tensor programs Il: Neural tangent kernel for any architecture.
arXiv preprint arXiv:2006.14548, 2020.
(Cited on pages 11, 12, and 13.)

[6] Lenaic Chizat, Edouard Oyallon, and Francis Bach.
On lazy training in differentiable programming.
In Advances in Neural Information Processing Systems, pages 2933-2943, 2019.
(Cited on pages 14, 15, and 16.)

Tao Luo, Zhi-Qin John Xu, Zheng Ma, and Yaoyu Zhang.

Phase diagram for two-layer relu neural networks at infinite-width limit.

Journal of Machine Learning Research, 22(71):1-47, 2021.

(Cited on pages 14, 15, and 16.)

[8] Hongkang Li, Meng Wang, Sijia Liu, and Pin-Yu Chen.

A theoretical understanding of shallow vision transformers: Learning, generalization, and sample complexity.

2023.
(Cited on pages 23, 24, and 25.)

[7

vy
WARWICK  Convergence of Transformers | Fanghui Liu, fanghui.liu@warwick.ac.uk Slide 2/ 2



	Appendix

